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Abstract 
Visweswaran, S., ACCR pairs, Journal of Pure and Applied Algebra 81 (1992) 313-334. 
A module M over a commutative ring R with identity is said to satisfy accr if the ascending 
chain of residuals of the form N : B C N : B’ G N : Bi c . terminates for every submodule N 
of M and every finitely generated ideal B of R. A ring is said to satisfy accr if it does as a 
module over itself. For a commutative ring T with identity and a subring R of T containing the 
identity element of T, (R, T) is called an ‘accr pair’ if every ring A with R c A c T satisfies 
accr. In this paper, we show that for certain pairs of rings R C T, (R, T) is an accr pair if and 
only if (R, T) is a Laskerian pair. 
Introduction 
All rings considered here are assumed to be commutative rings with identity. 
Subrings are assumed to contain the identity of the ring of which it is a subring. 
By the dimension of a ring we mean its Krull dimension. We use the abbreviation 
‘dim R’ to denote the dimension of a ring R. Modules are assumed to be unitary. 
Whenever a set A is a subset of a set B and A # B we denote this symbolically as 
ACB. 
Let M be a module over a ring R. M is said to satisfy accr (resp., ~CCY*) if the 
ascending chain of residuals of the form N : B C N : B2 c N : B3 c . . . terminates 
for every submodule N of M and every finitely generated (resp., principal) ideal B 
of R [lo]. A ring R is said to satisfr accr (resp., uccr*) if R satisfies accr (resp., 
accr*) as an R-module. 
Several interesting and useful theorems have been proved on modules and rings 
satisfying accr [lo, 111. 
For a pair of rings R C T, (R, T) is called an accr pair (resp., uccr* pair) if 
every ring A with R C A C T satisfies accr (resp., accr*). In [lo, Theorem 11, it 
has been proved that for any R-module M, the two properties accr and accr* are 
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equivalent. Hence it follows that (R, T) is an accr pair if and only if (R, T) is an 
accr* pair. 
Let T be a ring and M be a T-module. M is said to be a Laskerian T-module if 
M is a finitely generated T-module and every proper submodule N of M is a finite 
intersection of primary submodules of M. T is said to be a Laskerian ring if T is 
Laskerian as a T-module [3, Exercise 23, p. 2951. 
Let Q be a P-primary submodule of M. Q is said to be strongly primary if there 
is a positive integer k such that PkM c Q. A finitely generated module is said to 
be strongly Laskerian if every proper submodule N of M is a finite intersection of 
strongly primary submodules of M. T is said to be a strongly Laskerian ring if T is 
strongly Laskerian as T-module [3, Exercise 28, p. 2981. 
Let R C T be rings. We say (R, T) is a Laskerian pair (resp., a strongly 
Laskerian pair) if each ring A such that R C A C T is Laskerian (resp., strongly 
Laskerian). It has been proved in [lo, Proposition 31 that if a module M is 
Laskerian, then M satisfies accr. Hence it follows that if (R, T) is a Laskerian 
pair, then (R, T) is an accr pair. The purpose of this paper is to show that for 
certain pairs of rings R C T, (R, T) is a Laskerian pair if and only if (R, T) is an 
accr pair. We use the abbreviation LP (resp., SLP) for ‘Laskerian pair’ (resp., for 
‘strongly Laskerian pair’). 
1. When is (R, R[X]) an accr pair? 
In this section we prove the following theorem: 
Theorem 1.1. Let R be a ring and let X be an indeterminate over R. The following 
conditions are equivalent: 
(1) (R, R[X]) is an accr pair. 
(2) R is Artinian. 
(3) (R, R[X]) is an SLP. 
For proving Theorem 1.1 we need the following results: 
Lemma 1.2 [ll, Theorem 21. Let R be a ring and let X be an indeterminate over 
R. R[X] satisfies accr if and only if R is Noetherian. 0 
Proposition 1.3. Let R be a ring and let X be an indeterminate over R. If 
(R, R[X]) is an accr pair, then every nonzerodivisor of R must be a unit of R. 
Proof. Let s be a nonzerodivisor of R. Let T = R + (1 + sX)R[X]. Note that 
R c T c R[X] and T is a subring of R[X]. Now sX = -1-t (1 + sX) E T and 
hence it follows that (sX)” E T for all n 2 1. Consider the ascending sequence of 
ideals of T, 
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By hypothesis (R, R[X]) . IS an accr pair and hence T satisfies accr. Therefore 
there exists m 2 1 such that (1 + sX) T : s”’ = (1 + sX) T : s” for all h 2 m. Now 
(1 + sx)x’I’+’ E T is such that (1 + sX)X’~+‘.Y”‘+’ = (1 + sX)(sX)“‘+’ E (1 + 
sX) T. Hence (1 + sX)X’)I+ E (1 + sX) T : s”‘+’ = (1 + sX) T : s”‘. Therefore, 
(1 + sX)X”‘+ ‘s”’ E (1 + sX) T . (1) 
Since 1 is a nonzerodivisor of R, it follows that (1 + sX) is a nonzerodivisor of 
R[X] and hence (1) implies that s’~X”‘+’ E T. 
Notice that 
s 
,?, - IX,,, = ( 1 + sx)s”’ IX”’ ~ s”‘x”’ + I (2) 
Now (1 + sX)s”‘-’ X”’ E (1 + sX)R[X] C T, s”‘X”‘+’ E T and thcreforc from 
(2), we obtain s”‘-’ X”’ E T. Proceeding like this one can show that X E T. Hence 
X = y + (1 + sX)f(X) for some y E R and f‘(X) E R[X]. This implies that 
x-y=(l+sX)f‘(X). (3) 
Since s is a nonzerodivisor of R, from (3), we obtain f(X) E R. Comparing the 
coefficient of X on both sides of (3), we obtain 1 E sR. Therefore, s is a unit of R. 
This completes the proof of Proposition 1.3. 0 
Remark 1.4. Let R be a ring and let X be an indeterminate over R. If R is not 
equal to its own total quotient ring, then by Proposition 1.3. we obtain that 
(R, R[X]) is not an accr pair. Hence (R, R[X]) IS not an LP. Thus Proposition 1.3 
gives a simple proof of [14, Proposition 1.51. 
Lemma 1.5. Let (R, T) be an accr pair. Then: (1) 
i 
R T 
AnR’A i 
is an accr pair for each ideal A of T, A # T; 
(2) (S-‘R, S-IT) 1s an accr pair for each multiplicatively closed subset S of R. 
ogs. 
Proof. If a ring B satisfies accr, then it can be shown as in the proof of [lo, 
Proposition 61 and [lo, Proposition 71 that any homomorphic image of B and any 
ring of fractions of B satisfy accr. Hence Lemma 1.5 can be proved by proceeding 
along the same lines as in the proof of [14. Lemma 1.21. 0 
We now prove Theorem 1 .l. 
Proof of Theorem 1.1. (l)+(2) Assume that (R, R[X]) is an accr pair. By [ll, 
Theorem 21, R is Noetherian. Next we show that every prime ideal of R is a 
maximal ideal of R. Let P be a prime ideal of R. By Lemma 1.5, 
t 
R R[Xl ~ = ; [Xl) F ’ P[X] 
is an accr pair. From Proposition 1.3. it follows that $! is a field. Therefore, P is a 
maximal idcal of R. Thus R is Artinian. 
(2)+(3) Assume R is Artinian. By [14, Theorem 1.11, (R, R[X]) is an SLP. 
(3) + ( 1) Since any Laskerian ring satisfies accr by [lo, Proposition 31, 
(3) 3 (1) is obvious. 
This completes the proof of Theorem 1.1. 0 
2. ACCR pairs of the type (R, K) where K is a field 
For a pair of rings R c T, (R, T) is an accr pair if (R, T) is an LP. In this 
section we mention an example of pair of rings R c T such that (R, T) is an accr 
pair but (R. T) is not an LP. Further we determine when (R, K) is an accr pair 
where K is a field containing R (K is not necessarily the field of quotients of R). 
We first consider the case in which R is a domain but not a field. The following 
proposition characterizes when (R, K) is an accr pair. 
Proposition 2.1. Let R he a domain which is not afield. Let K be afield containing 
R. Then (R. K) is an accr pair if and only if K is algebraic over R and the integral 
closure of R in K is a one-dimensional Priifer domain. 
The proof of Proposition 2.1 needs the following results: 
Lemma 2.2 [ 11, Corollary 21. Let V be a valuation domain. Then V satisfies accr if 
andonlyifdimVs1. 0 
Lemma 2.3 [lo, Theorem 61. If R is u one-dimensional domain, then R satisfies 
accr. 0 
It is proved in [lo, Theorem 61 that any zero-dimensional ring satisfies accr and 
from this result, the fact that any one-dimensional domain satisfies accr is 
deduced. We give below a simple proof of [ 10, Theorem 61. Moreover, if R is a 
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zero-dimensional ring and M is any R-module, then we prove that M satisfies 
accr. 
Proposition 2.4 Let R be a ring. Then the following statements are equivalent: 
(1) dim R=O. 
(2) every R-module satisfies accr. 
The proof of Proposition 2.4 needs the following result. For the sake of 
completeness we provide a proof of it. although the result is well known. 
Lemma 2.5. Let T be a von Neumann regular ring. Let x E T. Then x = ue, where 
u is a unit of T and e is an idempotent element of T. 
Proof. Since T is von Neumann regular, there exists y E T such that x = yx’. Note 
that e = yx is an idempotent element of T and x = ex = (x + (1 ~ e))e. We prove 
that u = x + 1 - e is a unit of T. Let P be any prime ideal of T. We consider two 
cases: 
Case(i): xEP.Thene=yxEP.Therefore, I-e@Pandsou=x+l-e$?’ 
P. 
Case (ii): x@ P. Since x = ex, e jZ’P. We have e( 1 - e) = 0, t>$? P and hence 
1 - e E P. Therefore u = x + 1 - e g P. 
Thus u@P for any prime idea1 P of T. Therefore, u is a unit of T. 
Here x = ue, where u is a unit of T and e is an idcmpotcnt element of T. 0 
We now prove Proposition 2.4. 
Proof of Proposition 2.4. (1) 3 (2) A. ssume dim R = 0. Let M be an R-module. 
Let W be a submodule of M and y E R. Consider the ascending sequence of 
submodules of M, 
w : y c w : y’ c w : y3 c.. * 
Let N denote the nilradical of R. Note that $ is reduced and zero-dimensional. 
Therefore, by [6, Exercise 16, p. 1111, { is von Neumann regular. Now by Lemma 
2.5, y + N = vh for some unit v of $ and idempotent clement h of 5. By [9. 
Proposition 1, p. 721, h can bc expressed as h = e + N for some idempotent 
element e of R. Let v = u + N for some u E R. It is easy to verify that u is a unit 
in R. Thus from y + N = (U + N)(e + N), we obtain y - ue E N. Therefore. 
y=ue+n for some nEN. Hence C’y=e+u-‘n. Note that W:y’= 
W : (L’y) for all t 11. Let n, = F’n. Since n, E N, n; = 0 for some s 2 1. WC 
prove that W : (L’y)’ = W : (u-‘y)’ for all t 2 s. 
Let t 2 s. We have 
(u ‘y)’ = (e + n J = e’ + 
t‘ 0 ‘-In, t 1 e +. . . + i 1 t-1 en1 ‘F’ + n; 
t t 
=e+ 
ii 1 
en, +...+ 
l 1 
i-1 
t-1 enI 
(since e = e2 and PI{ = 0) 
=e 1+ 
t c i, 1 n*+-+(,‘,)n:I,. 
Let ~=(i)n,+...+(~‘,)n:~‘. Note that z is a nilpotent element of R and 
hence 1 + z is a unit in R. Thus (Y’y)’ = e( 1 + z). Therefore, 
W:(IIC’y)‘=W:e(l+z)=W:e foral1tZ.r 
This proves that M satisfies accr”. Since the two properties accr* and accr are 
equivalent on any module, we obtain that M satisfies accr. 
(2) + (1) Assume every R-module satisfies accr. Let P be any prime ideal of R. 
Let S = $. We first show that every S-module satisfies accr. Let N be any 
S-module. Note that N can be made into an R-module, by defining rn = (r + P)n 
for any Y E R and YI E N. Then any S-submodule of N is an R-submodule of N and 
vice versa. Let W bc any S-submodule of N and s E S. Consider the ascending 
sequence of S-submodules of N, 
w : s c w : s2 c w : s3 c. . . . 
Let s = r + P for some Y E R. Note that W : s’ = W : Y’ for all t 2 1. Since every 
R-module satisfies accr, there exists m 2 1 such that W : r’ = W : r”’ for all t 2 m. 
From this. it follows that W : s’ = W : s”’ for all r 2 m. Thus N satisfies accr* as an 
S-module. Therefore, N satisfies accr as an S-module. 
We next show that S is a held. Let L be the quotient field of S. Let s E S, s f 0. 
Let W= t.S. Consider the ascending sequence of S-submodules of L, 
W : s C W : s’ C W : s3 C. . ‘. Since I!, satisfies accr, there exists IZ 2 1 such that 
W:s”=W:s”forall hzn. Now 
This implies that 
4 E w : s” + ’ = w : s” . 
s 
Hence 
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This implies that 5 = 4x for some x E S. Therefore, f = x E S. Thus every 
nonzero element of S is a unit of S. Hence S = $ is a field. Thus P is a maximal 
ideal of R. We have shown that every prime ideal of R is a maximal ideal of R. 
Therefore, dim R = 0. 
This completes the proof of Proposition 2.4. 0 
We now prove Proposition 2.1. 
Proof of Proposition 2.1. Proposition 1.3 implies that K is algebraic over R. With 
the help of Lemma 2.2, it can be shown as in the proof of [14, Proposition 2.11, 
that the integral closure of R in K is a one-dimensional Prufer domain. 
Conversely, assume that K is algebraic over R and the integral closure of R in K 
is a one-dimensional Prufer domain. Let A be any ring such that R c A c K. Let 
R denote the integral closure of R in K and 2 denote the integral closure of A in 
K. By hypothesis, 2 is a Prufer domain and dim E = 1. Now from [6, Theorem 
26.2(e)J, it follows that dim A 5 1. Therefore, by [6, 11.8, p. 1061, we obtain that 
dim A = dim A 5 1. This implies by [lo, Theorem 2.61, that A satisfies accr. Thus 
(R, K) is an accr pair. 
This completes the proof of Proposition 2.1. 0 
We now mention an example of a pair of rings R C T such that (R, T) is an accr 
pair but (R, T) is not an LP. 
Example 2.6. Let p be any prime number. Let R = Zpz, where Z denotes the ring 
of integers. In [7, Example p. 2111, Gilmer and Huckaba have constructed an 
infinite algebraic extension K of the field of rational numbers such that p belongs 
to an infinite number of maximal ideals of l?, where R denotes the integral closure 
of R in K. Thus l? does not have Noetherian spectrum and hence E is not 
Laskerian. Therefore, (R, R) is not an LP. We prove that (R, I?) is an accr pair. 
Let A be any ring such that R c A c f?. Then A is integral over R and hence 
dim A = dim R = 1. Therefore, A satisfies accr and thus (R, I?) is an accr pair. 
If R is an integral domain and dim R = 1, then R satisfies accr. We now give an 
example to show that the hypothesis that R is a domain in this result cannot be 
dropped. 
Example 2.7. Let F be a field and T= F[X,, X,, X3,. . .], where X,, X2, X3,. . . 
are indeterminates over F. Let M = (X,, X2, X,, . . .). Let S = &. Note that S is 
quasilocal with fi as its unique maximal ideal. Let N = z. Note that N is 
nilpotent and S is non-Noetherian. 
Let X be an indeterminate over S and R = S[[X]]. Note that N[[X]] and 
N[[X]] + XR are the only prime ideals of R. Hence dim R = 1. Since S is 
non-Noetherian, R = S[[X]] d oes not satisfy accr by [ll, Theorem 21. 
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In in the example we take S be any 
quasilocal ring nilpotent maximal 
Let K be a field and F be a subfield of K. We next determine when (F, K) is an 
accr pair. If K is algebraic over F, then each ring A such that F c A & K is a field. 
So we assume that K is not algebraic over F. If the transcendence degree of K 
over F is greater than or equal to 2, then by Proposition 1.3, (F, K) is not an accr 
pair. Therefore, in determining when (F, K) is an accr pair we may assume that 
tr.deg K/F = 1. The following proposition characterizes when (F, K) is an accr 
pair. 
Proposition 2.8. Let K be a field which is an extension of a field F such that 
tr.deg KIF = 1. Then the following statements are equivalent: 
(1) (F, K) is an accr pair. 
(2) For each element t E K which is transcendental over F, the integral closure of 
F[t] in K is a one-dimensional Prtifer domain. 0 
The proof of the above proposition makes use of the same techniques that are 
used in the proof of Proposition 2.1. Hence we omit the proof. 
3. When is (F,[X,, . . . , X,1, FJX,, . . . , X,1) (rev. V’,[[X,, . - - , X,,ll, 
F*HX,, * * - , X,,]])) an accr pair? 
Let F, C F? fields. Let X,, . . , X,, be indeterminates over Fz. Let 
R= F,[X,,.. ,X,,l (rev., R, = F,[[X,,. ..,X,,ll> 
and 
T = F,[X,, , X,,l (rev., T, = F,[[X,, . . , X,,ll) 
When n = 1, we prove in this section, that (R, T) (resp., (R,, T,)) is an accr pair, 
if and only if (R, T) (resp., (R,, T,)) IS an LP. When n 2 2, we show that (R, T) 
(resp., (R,, T,)) is an accr pair, if and only if (R, T) (resp., (R,, T,)) is a 
Noetherian pair. We use the abbreviation NP for ‘Noetherian pair’. 
Unless otherwise specified, throughout this section the symbols F,, F2, R, T, 
R,, T,, n will have the above meanings. 
First we prove the following result. 
Proposition 3.1. If (R, T) is an accr pair, then F2 is algebraic over F,. 
Proof. Let (Y E F;, (Y # 0. We prove that (Y is algebraic over F,. Let S = 
R[a] + X, T. Consider the ascending sequence of ideals of S, X,S : a c 
X,S:a~~X,S:&~~~. Note that R c S C T. Since (R, T) is an accr pair, S 
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satisfies accr. Therefore, there exists m 2 1 such that X, S : CY’~ = X,S : ah for all 
h 2 m. Now & E S is such that 
X, __ am+’ = x, E x,s 
,,I + I 
a 
Hence 
x, 
lfl+ E x,s : a”‘+’ = x,s : CYrN 
a 
Therefore, 
X, ~ a’“EX,S. n, + I 
a 
(4) 
From (4), we obtain t E S. Therefore, $ = y + X, t for some y E R[ (.y] and t E T. 
Note that y can be expressed as y = f,(a) + z for some f,(a) E F, [ a] and 
ZE(X ,,..., X,)T. Thus t =f,(u)+z+X,t. Hence $ -f,(a)=z+X,tEFZfl 
(X,,... , X,)F,[X,, . , X,,] = (0). Therefore, 1 = af,(a). This implies that CY is 
algebraic over F,. Thus F2 is algebraic over F,. 0 
Remark 3.2. If (R,, T,) is an accr pair, then in a similar way one can show that 
F2 is algebraic over F,. 
Remark 3.3. It is known that a domain of dimension one is Laskerian if and only 
if it has Noetherian spectrum [S. comments following Theorem 2.91. Let A C B be 
domains such that dim B = 1, B is integral over A and B is Laskerian. Then we 
remark here that (A, B) is an LP. Let C be any ring such that A c C c B. Now B 
is integral over C and B has Noetherian spectrum. Hence dim C = dim B = 1 and 
C has Noetherian spectrum. Therefore, C is Laskerian. Thus (A. B) is an LP. 
We next prove the following proposition: 
Proposition 3.4. Let II = 1. The following conditions are equivalent: 
(1) (R, T) is an accr pair. 
(2) F? is algebraic over F,. 
(3) T is integral over R. 
(4) (R, T) is an LP. 
Proof. (1) + (2) A ssume (R, T) is an accr pair. Proposition 3.1 implies that Fz is 
algebraic over F,. 
(2) $ (3) Since F, is a field, (2) implies that F7 is integral over F,. Therefore, 
T = F2[X,] is integral over R = F,[X,]. 
(3) 3 (4) This follows from Remark 3.3. 
(4) 3 (1) This was mentioned at the end of the Introduction. 0 
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We next prove the following proposition: 
Proposition 3.5. Let n = 1. The following conditions are equivalent: 
(1) (R,, T,) is an accr pair. 
(2) T, is integral over R,. 
(3) (R,, T,) is an LP. 
First it is useful to recall the following results of Gilmer: 
Let F2 be algebraic over F, and y1 e 1. Then: 
(i) T, is integral over R, if and only if the separable degree of F2 over F, is 
finite and F2 has finite exponent over F, [5, Corollary 4.21. 
(ii) T, is integral over R, if and only if T, is algebraic over R, [5, Corollary 
5.21. 
We now prove Proposition 3.5. 
Proof of Proposition 3.5. (1) + (2) Assume (R,, T,) is an accr pair. By Remark 
3.2, F2 is algebraic over F,. We now prove that T, is integral over R,. By [5, 
Corollary 5.21, it is sufficient to prove that T, is algebraic over R,. Let y E T,, 
y # 0. Note that y can be expressed as y = u + a for some unit u of T, and a E F2. 
Therefore, in order to show that T, is algebraic over R,, it is sufficient to prove 
that any unit of T, is algebraic over R, . Let u be a unit of T,. Let us denote X, by 
X. 
Let S= R,[u, 5, 3,. . .]. 
Consider the ascending sequence of ideals of S, XS : u C XS : u7 c XS : u3 c 
. . . . Note that R, C S c T, and hence S has accr. Therefore, there exists m 2 1 
such that XS : u”’ = XS : uh for all h z m. Note that 5 u”‘+’ = X E XS. Thus 
X N+IEXS:*“‘+‘=XS:U”l. 
Lf 
From this, we obtain 5 u”’ E XS. This implies that & E S. Therefore, 
for some positive integers r and t and for some elements A,(u) 
From (5) it follows that 
7 . 
U If-’ = f;,(u)u” + f,(u)CrX + . . . + f,(u)X’ , 
and so 
. . > f,(u) E R, [ul. 
(6) 
u”_‘(l -A,(u)u) = f,(u)u”~‘X + . . . +f/(u)x’ . (7) 
Let f,,(u) = y. + y,u + . . . + y,uh, where yj E R, (for j = 0,. , k). We first ob- 
(5) 
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serve that y, @XR, for at least one j, 0 5 j 5 k. If not, y, E XR, for all j, 
05 j 5 k. Thus y, E XT, for all j, 05 j 5 k. Therefore, 1 -&,(u)u is a unit of T, 
and from (7) it follows that u”~’ E XT,. This is in contradiction to the fact that u 
is a unit in T, Therefore, there exists an i (0 5 i 5 k) such that y, @XR, . From 
(7), we obtain 
u f--1 - ~,(l+P - f,(u)14r’-rx - . . - f,(u)X’ = 0 . (8) 
It is easy to see that the coefficient of u ““(by expressing the left-hand side of (8) 
in ascending powers of u with coefficients in R,) is equal to -( y, + Xa,) for some 
a, E R, Since yi @ XR, , yi + Xa, f 0. Therefore, (8) gives an algebraic depen- 
dence equation for u over R, . Hence T, is algebraic over R,. Therefore, T, is 
integral over R, . 
(2) 3 (3) Now T, = F?[[X,]] is Noetherian, dim T, = 1 and T, is integral over 
R,. Hence (2) j (3) follows from Remark 3.3. 
(3) + (1) This was mentioned at the end of the Introduction. 
This completes the proof of Proposition 3.5. 0 
We next prove the following proposition: 
Proposition 3.6. Let n 2 2. The following statements are equivalent: 
(1) (R, T) is an LP. 
(2) (R, T) is an accr pair. 
(3) Fz fi lg b IS a mte a e raic extension of F,. 
(4) (R, T) is an NP. 
Proof. (1) + (2) This was mentioned at the end of the Introduction. 
(2)+(3) Assume (R, T) is an accr pair. Let A be a domain such that 
F,[X,, . . .,X,,~,l~AC_F2[X,,...,X,,~,]. 
Then R C_ A[X,,] C_ T. By hypothesis, A[X,,] satisfies accr. This implies by (11, 
Theorem 21 that A is Noetherian. Thus (F,[X,, . . ,X,,_,], FJX,, . . ,X,,_,]) is 
an NP. From this it will follow that (F,[X,], F?[X,]) is an NP. This implies by [15, 
Remarks following Theorem 21, that Fz is a finite algebraic extension of F,. 
(3) $J (4) (3) implies that T is a finitely generated module over the Noetherian 
ring R. Let B be any ring such that R C B C T. Now B is a R-submodule of T and 
so is a finite R-module and hence a Noetherian ring. Thus (R, T) is an NP. 
(4) 3 (1) Obvious. 
This completes the proof of Proposition 3.6. 0 
In an analogous way one can prove the following proposition: 
Proposition 3.7. Let n 2 2. The following statements are equivalent: 
(1) (R,, T,) is at? LP. 
(2) (R,, T,) is an accr pair. 
(3) Fz is u finite algebraic extension of F, 
(4) (R,,T,)isanNP. 0 
Remark 3.8. We have shown that (K, r) is an accr pair if and only if (R, T) is an 
LP. However, we show below that (R, T) being an accr pair need not imply that 
(R, r) is an SLP. In fact we have the following proposition: 
Proposition 3.9. Let n = 1. If (R, 7’) is an SLP, then 
(i) F, is algcbruic over F, . 
(ii) the sepnruble degree of F, over F, is finite, 
(iii) Fz has finite exponent over F,. 
The proof of Proposition 3.9 needs the following result. First we recall the 
following definition: 
Definition. Let S be a ring and let I be an ideal of S. We shall call I an SFT-ideal 
(SFT stands for ‘strong finite type’) if there exists a finitely generated ideal B c I 
and a positive integer m such that a”’ E B for each element c( E I. We shall call S 
an A-ring if each ideal of S is an SFT-ideal [4, p. 231. 
Lemma 3.10 [ 14. Lemma 2.131. Let S be a strongly Laskerian ring. Then S is an 
A-ring. Cl 
We now prove Proposition 3.9. 
Proof of Proposition 3.9. (i) By Proposition 3.1, F? is algebraic over F, 
(ii) Let H be the maximal separable subfield of F, over F,. Let, if possible, 
[H : F,] be infinite. Then there exists an infinite sequence of elements 1 = a,,, a,, 
u2 ,..., a ,,.... (u, E H for i = 1,2,. . .) such that the minimal polynomial of a,, 
over F, [a,, , a,, ,] is of degree >n for n = 1,2, . . Consider the ring 
S = F,[X,, a,X,, N,x;‘. . , a,,~‘,‘!, .] . 
Let us denote X, by X. Note that R 5 S c T. We claim that S is not an A-ring. 
Let M = (X, u,X. a,X”, . .). We show that M is not an SFT-ideal of S. Suppose 
M is an SFT-ideal. Then there exists a finitely generated ideal B C M and a fixed 
positive integer m such that 1”” E B for each y E M. First we prove that 
M = a. Since M is a maximal ideal of S and M > XS, M >a. Let 
P E Spec(S), P_> XS. Now H[X] is integral over S and so there exists Q E 
Spec(H(X]) such that (2 f’ S = P. Since XE PC_ Q, & = XH[X] and so P = 
XH[X] n S = M. Hence M = a. Since B is a finitely generated ideal contained 
in M, there exists a positive integer h such that B” C XS. Consider the element 
‘hn, 
X(““‘) of M. Since y”’ E B for each y E M and B” C XS, it follows that 
(a,,,,,X’““‘))““’ E XS. Hence a~~~~~X”““(‘~““!~ ’ ) E S. Therefore, 
ah!?? 
llr?lX(lr,?l(‘l,,l)‘~ 1) = c N,,I,,.. ,.,p(a,J)” . . . (u,,“),-r , (9) 
where Q,,,,, ..l, E F, and the summation ranges through all (t + I)-tuples 
(v,,, . . , Y,) of nonnegative integers such that 
Y[, + Y, + 2!r, + . . + r!r, = hm(hm)! - 1 
Comparing the coefficient of X(““‘(““‘)‘~ ” on both sides of (9). it follows that a,,,,, 
satisfies a polynomial of degree hm over F, [u, . . . u,~,,~ ,]. This is in contradic- 
tion to the choice of the sequence {u,,}~=, . Hence S is not an A-ring and 
therefore S is not strongly Laskerian. But this contradicts the hypothesis that 
(R, T) is an SLP. Thus [H : F,] must be finite. 
(iii) Let the characteristic of F, be p > 0. We claim that F!” C H for some r 2 1. 
Let, if possible, Fy’ g H for any Y 2 1. We find a sequence of elements a,, = 1. a,, 
a2,. . . ,a,,, . of F2 such that the minimal polynomial of a,, over H[a,, , a,,_, J 
is of degree >y1 for n = 1,2,. . . Then proceeding as in (ii) one can obtain that 
the ring E = H[X, a,X, a,X’!, . .] is not an A-ring and so E is not strongly 
Laskerian, in contradiction to the assumption that (R, T) is an SLP. Hence 
Ff’cHforsome rzl. 
This completes the proof of Proposition 3.9. 0 
4. When is (R, S-‘R) an accr pair? 
Our aim in this section is to prove the following theorem: 
Theorem 4.1. Let B be a Noetherian domain und let S be uny multiplicatively 
closed subset of B with O@S. Then the following conditions are equivalent: 
(1) (B, K’B) is an LP. 
(2) (B, Y’B) is an accr pair. 
(3) (B, K’B) is un NP. 
The proof of Theorem 4.1 makes USC of the following results. 
First we recall the following definition: 
Definition. Let R be an integral domain which is not a field. A maximal ideal M 
of R is said to be a low maximal if M has height 1 and M is a high maximal if M 
has height >1 [15]. 
Proposition 4.2 [15, Corollary 121. Let S he uny multiplicatively closed subset of a 
Noetherian domain R with O@S. Let C denote the set of all elements of R which 
are contained in no high maximal ideal of R. Then (R, S’R) is an NP if and only 
[fSCC. 0 
Proposition 4.3. Let C be the set of all elements of a domain T which are contained 
in no high maximal ideal of T. Let S be any multiplicatively closed subset of T with 
O@S. If (T, S’T) is an accr pair, then SC_ C. 
Proof. Assume that (T, S ‘T) is an accr pair. Let s E S and let A4 be a maximal 
ideal of T such that s E M. Let Q be a nonzero prime ideal of T such that Q c M. 
Let xE Q, x#tl. 
Consider A = T + : T[ f]. Note that T c A C S’T. Consider the ascending 
sequence of ideals of A, 
; A : s c s A : s’ c ; A : s’ &. . . 
Since A satisfies accr. there exists n 2 1 such that 
X 
; A : s” = f A : s” for all h 2 n 
We have 
X 
ps =.?$A, ,I + I 
I, +2 
S S s 
This implies that 
& E 5 A : s’i+’ = 
S S 
; A : s” , 
From this we obtain 5 s” E f A. This implies that $ = + a for some a E A. Thus 
t(t-a)=O. Since$#O,t=aEA. Henceweobtain 
1 XY 
-=f+,,,,, s 
forsomet,yE T and mm0. 
s 
From this it follows that s”’ - ts”‘+’ = xy. Thus ~“‘(1 - ts) = xy E Q. 
As s E M and Q G M. we obtain 1 ~ ts@Q. Therefore, it follows that m 2 1 
and SEQ. 
Thus s belongs to all the nonzero prime ideals Q of T such that Q G M. 
Therefore. s belongs to all the nonzero prime ideals of T,W. Hence T,,,t[ t] must be 
the quotient field of T. By Lemma 1.5(2). (T,,, T,M[ .k]) is also an accr pair. This 
implies by Proposition 2.1 that dim T,$, = 1. Thus if M is any maximal ideal of T 
such that M f’ S # 0. then height M = 1. Therefore, it follows that S c C. This 
completes the proof of Proposition 4.3. 0 
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We now prove Theorem 4.1. 
Proof of Theorem 4.1. (l)+(2) Obvious. 
(2) + (3) Assume (B, K’B) is an accr pair. By Proposition 4.3, 5’ C_ C, where 
C denotes the set of all elements of B which are contained in no high maximal 
ideal of B. From 115, Corollary 121 it follows that (B, S’B) is an NP. 
(3) + (1) Obvious. 
This completes the proof of Theorem 4.1. 0 
Remark 4.4. Proposition 4.3 and Theorem 4.1 generalize [14, Proposition 3.21. 
We next mention an example in which R is a Laskerian domain and S is a 
multiplicatively closed subset of R such that S c C but (R. S ‘R) is not an accr 
pair. 
Example 4.5. [14, Example 3.41 gives a domain R such that R is Laskerian, S is a 
multiplicatively closed subset of R such that S G C but (R, S- ‘R) is not an LP. 
Using the same notations as in [ 14, Example 3.41, A = K[Z, , Z,. . .] + M is a 
non-Laskerian domain between R and S ‘R. As $$ s K[Z, , Z2, . .] does not have 
accr, A does not have accr and therefore it follows that (R, S ‘R) is not an accr 
pair. 
5. ACCR pairs of the type (K, R) where R is an affine ring over a field K 
Let R be an affine ring over a field K. In [14, Theorem 4.11 necessary and 
sufficient conditions are determined in order that (K, R) is an LP. In this section 
we prove the following theorem: 
Theorem 5.1. Let R be an affine ring over afield K. Then the following conditions 
are equivalent: 
(i) (K, R) is an SLP. 
(ii) (K, R) is an LP. 
(iii) (K, R) is an accr pair. 
(iv) R is of dimension at most 1 and if q is any primary but not a prime ideal of 
R with dim( +) = 1, then $$ is integral over each one of its subrings containing K, 
which is not a field. 
We make use of the following result in the proof of Theorem 5.1: 
Lemma 5.2. Let S be an afjne domain over a field K and dim S = 1. If S is not 
integral over some K-subalgebra which is not a field, then there exist domains 
K C T C T, C S such that T is a maximal subring of T,. Further, T is integrally 
closed in T, and S is integral over T,. 
Proof. The proof of this lemma can be found in the proof of (ii) + (iii) of [14, 
Theorem 4.11. 0 
We now prove Theorem 5.1. 
Proof of Theorem 5.1. (i) + (ii) Obvious. 
(ii) + (iii) Obvious. 
(iii) + (iv) Assume (K, R) is an accr pair. If dim R 2 2, then R will contain a 
polynomial ring in two variables, say K[X. Y] over K. By Proposition 1.3, 
(K[X], K[X, Y]) ‘. IS not an accr pair and so neither is (K, K[X, Y]). But this 
contradicts (iii). Therefore, dim R 5 1. 
Let, if possible, there exist a primary ideal q of R such that q # fl, dim( 4) = 1 
and s is not integral over some K-subalgebra which is not a field. Let P = e. 
By Lemma 5.2, there exist domains KC T C T, C 5 such that there are no rings 
B such that T C B C T, (i.e.. T is a maximal subring of T,). Further, T is 
integrally closed in T, and $ is integral over T,. 
Let ,f denote the natural homomorphism from R onto j!. Let f -‘(T,) = B, 
f‘ ‘(T) = A. Note that 7‘, = $, T = 3 and A is a maximal subring of B. As T is 
integrally closed in T,. it follows that A is integrally closed in B. By hypothesis, A 
satisfies accr. 
Let A, = 3. B, = :; and P, = $‘. Note that A, is a maximal subring of B,, A, is 
integrally closed in B, and A, and B, have a common and a unique minimal prime 
ideal P,. Since P # q. P, # (0). 
Since A, C B,, there exists a maximal ideal N of A, such that (A,),v C 
(B,),.,,+. LwE(B,) ,,,?,\(A,),. P rocceding along the same lines as in the proof 
of (ii) +(iii) of [ 14, Theorem 4.11, it can be shown that t E N(A,),v and 
(P, ),,, # (0). Let .X E (P,) \, .Y # 0. Consider the ascending sequence of ideals of 
(A ,),v, x(A ,)2. : { C ,$A ,)h. : 5 C . . . . Since (A ,)y satisfies accr, there exists 
t 2 1 such that x(A ,),,, : 5 = x(A ,),v : 5 for all h 2 t. Note that y E ( B,),2,,N and 
xE(P,),. Thus y”x~(P,)!+c(A,),\, for all ~21. We have y’+‘x.+ =xE 
x(A ,),\. This implies that 
Therefore, ~1’~ ‘X $ Ex(A ,),v. From this we obtain yx Ex(A,),\,. Thus x(y - 
w) = 0 for some w E (A ,),,,. Note that (0) is a (P,),,-primary ideal of (B,),I,,v and 
x f 0. Therefore, y - w E (P,),%,. Thus w E (A ,),v and y - w E (A ,)rv. Therefore, 
y E (A ,)lv. This is in contradiction to the choice of y. Therefore, (iii) 3 (iv). 
(iv)+(i) This is (iii) 3 (i) of [14, Theorem 4.11. 
This completes the proof of Theorem 5.1. 0 
The condition that * is integral over each one of its subrings containing K, 
A C’CR pain 329 
which is not a field is rather strange. The following examples suggested by the 
referee will be useful. 
Let K be a field and X,Y be indeterminates over K. 
Example 5.3. Let 
R = K[X, Yl 
(Y3) . 
Note that q = (0) is the only primary ideal of R 
Further, 
such that dim( s ) = 1 and y # fl. 
= K[X] 
and K[X] is easily 
is an accr pair. 
Example 5.4. Let 
seen to be integral over any subring S with K C S. Thus (K, R) 
R = K[Xv Yl 
(XV - l)? 
Note that q = (0) is a primary ideal of R such that dim( $) = 1 and q # fl. 
Further, 
(XY- 1) R K[X, Y] 
~3=(~~_~)~ and ~s(xy_l)I-KIX,X ‘1 
and K[X, X-‘1 is not integral over its subring K[X]. Thus (K, R) is not an accr 
pair. 
Example 5.5. Consider 
R = K[X, Yl 
(XY - 1) = K[X, X-‘1 
Note that q = (0) is a prime ideal of R and dim R = 1. Now by [ 1, Corollary 1.41 
each subring of R containing K is affine over K. Thus (K, R) is an accr pair. But 
R is not integral over a subring S containing K, which is isomorphic to K[X]. 
Remark 5.6. Let A c B be rings with a common ideal I. Radu has studied 
conditions under which the Laskerian property (resp., strongly Laskerian proper- 
ty) in B implies that A is Laskerian (resp., strongly Laskerian) and vice versa [ 121. 
In fact, Radu has shown that if B is Laskerian (resp., strongly Laskerian) and if 4 
is a zero-dimensional Laskerian ring, then A is Laskerian (resp., strongly Las- 
kerian) [12, Theorem 8 and Corollary 91. Next we consider an affine domain 
R = K[y , , , y,] over a field K with dim R = n > 0. Let I be a nonzero, proper 
ideal of R. We prove in Theorem 5.7 that (K + I, R) is an LP if and only if 
(K + I, R) is an accr pair. 
Let A be an affine ring over a field K. We say that A satisfies (*) if dim A 5 1 
and if P E Spec(A) is such that dim($) = 1, then $ is integral over each one of its 
K-subalgebras which is not a field. 
We next prove the following theorem: 
Theorem 5.7. Let R = K[ y, , . , y,] be un ujjfine domain over a field K. Let I be a 
nonzero, proper ideal of R. Then the following conditions are equivalent: 
(1) (K + Z, R) is an SLP. 
(2) (K + I, R) is an LP. 
(3) (K + I, R) is an accr pair. 
(4) 7 satisfies (*). 
Proof. (1) + (2) Obvious. 
(2) $ (3) Obvious. 
(3)+(4) Assume (K + I, R) is an accr pair. By Lemma 1.5(l), (K, 4) is an 
accr pair. This implies by (iii) +(iv) of Theorem 5.1 that dim 7 I 1. Let, if 
possible, there exist a prime ideal P of R such that P > 1, dim( 4) = 1 and $ is not 
integral over some K-subalgebra which is not a field. Now proceeding along the 
same lines as in the proof of (iii) + (iv) of Theorem 5.1, we obtain domains 
A C B such that K + P C A, A is a maximal subring of B and A is integrally 
closed in B. Note that A satisfies accr. 
Since A C B, there exists a maximal ideal N of A such that A, C B,,,. Let 
YE B,,,\A,. N ow it can be shown as in the proof of (ii) 3 (iii) of [14, Theorem 
4.11 that b E NA,%{. Note that P,, is an ideal common to both A,V and BA,N and 
P, # (0). Let x E P, x #O. Now using the fact that A,, satisfies accr and 
proceeding along the same lines as in the proof of (iii) 3 (iv) of Theorem 5.1, we 
obtain y E A <\,. This is in contradiction to the choice of y. Therefore, (3) + (4). 
(4) 3 (1) Let I = n 1’1, q, be an irredundant primary decomposition of I in R. 
We prove that (K + I, R) is an SLP using induction on m. First consider the case 
m = 1. Then I = q, and ff satisfies (*). 
We consider two cases: 
Case (i): dim( $) = 0. In this case a = P, is a maximal ideal of R. Now the 
field g is a finitely generated K-algebra and therefore by [2, Corollary 5.241, g is a 
finite algebraic extension of K. From this fact, it follows that R is integral over 
K + I. Now if A is any ring such that K + I c A & R, then R is integral over A 
and so it follows that A is also an affine ring over K. Hence A is strongly 
Laskerian. 
Case (ii): dim( 6) = 1. Let A be any ring such that K + I c A C R. We need to 
consider two cases. 
Case (a): P, n A is a maximal ideal of A. Since R is Noetherian and fl= P, 
in R, there exists a positive integer s such that P”, C q, Note that 2 is a quasilocal 
ring with nilpotent maximal ideal 
P, f’ A 
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Now by taking B = R in Radu’s Theorem [ 12, Corollary 91, we obtain that A is 
strongly Laskerian. 
Case (b): P, fl A is not a maximal ideal of A. Note that P, cannot be a maximal 
ideal of R. By hypothesis, ff is integral over 
A 
From this, it follows that R is integral over A + P,. Since fl = P, and q, C A, 
we obtain that A + P, is integral over A. Thus R is integral over A. Therefore, it 
follows that A is affine over K. 
Thus (4)+(l) in the case m = 1. 
We next assume that rn 2 2. Let a = P, in R for i = 1,2.. . , m. Let A be any 
ring such that K + I c A c R. We need to consider two cases. 
Case (i): P, n A is a maximal ideal of A for some i E (1,. . . , m}. After 
rearranging the P,‘s, we may assume that P, n A is a maximal ideal of A. Let 
B = A + n;:? q,. By induction hypothesis, B is strongly Laskerian. Note that 
A 
is a quasilocal ring with nilpotent maximal ideal 
P, n A 
q,nA. 
Further, it is easy to see that q, f’ A is an ideal common to both A and B. Hence, 
by Radu’s Theorem, we obtain that A is strongly Laskerian. 
Cuse (ii): P, n A is not a maximal ideal of A for each i = 1,2,. . . , m. Hence, it 
followsthatdimE=lfori=1,2,..., nz. Since 7 satisfies (*), it follows that R is 
integral over A + P, for i = 1,2,. . , m. Since a = P, in R for i = 1,2,. , m, 
we obtain that R is integral over A + q, for i = 1,2,. . , m. Let x E R. There exist 
polynomials J(X) E A[X] (for i = 1,2,. . , m) such that i(X) is manic and 
f,(x)Eq, for i= 1,2,... , m. Let f(X) =f,(X)f,(X) . . . f,,,(X). Then f(X) is a 
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manic polynomial in A[X] and f(x) E n :‘i, 4, = I C A. Thus x is integral over A. 
Therefore, R is integral over A and hence A is affine over K. Thus (4) 3 (1). 
This completes the proof of Theorem 5.7. 0 
Let R, I be as in Theorem 5.7. Let D be a subring of K. Let S = D + 1. We next 
determine when (S, R) is an accr pair. 
Proposition 5.8. Let R, I, S be as ubove. If (S. R) is an accr pair, then 7 satisfies 
(*), D is a field and K is algebraic over D. 
The proof of Proposition 5.8 needs the following lemma: 
Lemma 5.9. Let R, I, S be as in Proposition 5.8. The following conditions are 
equivalent: 
(1) S is Laskerian. 
(2) S satisfies accr. 
(3) D is a field. 
(4) S is strongly Laskerian. 
Proof. (1) + (2) Obvious. 
(2) + (3) Let GI E D, d # 0. Let x E I, x # 0. Consider the ascending sequence 
of ideals of S, XS : d c XS : d’ C . . . Since S satisfies accr, there exists an integer 
h 2 1 such that XS : d” = XS : d’ for all k 2 h. We have 
-& d”” =xExS. 
d 
Therefore. 
X 
,,~xS:dl’*‘=xS:d”. 
d 
This implies 
& d”=+S. 
d’ 
Therefore, i ES. Thus $ = y + a for some y E D, a E 1. Therefore, f - y = 
a E K n I = (0). Thus 5 = y E D. Hence D is a held. 
(3) + (4) Follows from Radu’s Theorem. 
(4)+(l) Obvious. q 
Remark 5.10. Lemma 5.9 gives a simple proof of [ 13, Proposition 2.31. Note that 
Lemma 5.9 holds for any strongly Laskerian domain R containing a field K and 
any nonzero ideal I of R. 
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We now prove Proposition 5.8. 
Proof of Proposition 5.8. Assume (S, R) is an accr pair. As S C_ K + I C_ R, we 
obtain that (K + I, R) is an accr pair. This implies by (3) + (4) of Theorem 5.7 
that $ satisfies (*). Now S satisfies accr. Therefore, by Lemma 5.9, D is a field. 
Let a E K. Consider T = D[a] + I. Now S c T C R and so T satisfies accr. 
Therefore, D[cI] is a field. Thus cx is algebraic over D. Hence K is algebraic over 
D. 
This completes the proof of Proposition 5.8. 0 
We now consider the converse of Proposition 5.8. 
Proposition 5.11. Let R, S, I be as in Proposition 5.8. Let dim( 7) = 0. Then 
(S, R) is an SLP if and only if D is a field and K is algebraic over D. 
Proof. Assume (S, R) is an SLP. This implies that (S, R) is an accr pair. From 
Proposition 5.8, we obtain that D is a field and K is algebraic over D. 
Conversely, assume that D is a field and K is algebraic over D. Let A be any 
ring such that S c A G R. By hypothesis, dim( 4) = 0. Hence 7 is integral over K. 
As K is algebraic over D, we obtain 9 is integral over D E $. Note that 7 is a 
semilocal ring and is integral over 4. Therefore, 4 has only a finite number of 
maximal ideals and dim( 9) = 0. Thus 4 is a zero-dimensional Laskerian ring. 
Applying Radu’s Theorem with B = R, we obtain that A is strongly Laskerian. 
Thus (S, R) is an SLP. 
This completes the proof of Proposition 5.11. 0 
Remark 5.12. From Proposition 5.8 and Proposition 5.11, it follows that if 
dim( 4) = 0, then (S, R) is an accr pair if and only if (S, R) is an SLP. I do not 
know the status of the converse of Proposition 5.8 when dim( 4) = 1. However, 
we have the following: 
Proposition 5.13. Let R, I, S be as in Proposition 5.8. Assume D is a field. If 7 
satisfies (*) and K is a finite extension of D, then (S, R) is an SLP. q 
Proceeding along the same lines as in the proof of (4) + (1) of Theorem 5.7, 
Proposition 5.13 can be proved. Hence we omit the proof. 
Finally, we have the following result: 
Proposition 5.14. Let R, I, S be as in Proposition 5.8. Let dim( 7) = 1. If (S, R) is 
an SLP, then: 
(i) 3 satisfies (*). 
(ii) D is a field and K is algebraic over D. 
(iii) The separable degree of K over D is finite and K has finite exponent over D. 
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Proof. (i) and (ii) follow from Proposition 5.8. 
We now prove (iii). Let $ E Spec( 7 ) be such that dim( 5) = 1. Let y = x + P 
(= the residue class of x modulo P) be transcendental over K. Then x is 
necessarily transcendental over K. From the fact that (S, R) is an SLP, we obtain 
that (D[x] + P, K[x] + P) is an SLP. Since a homomorphic image of a strongly 
Laskerian ring is strongly Laskerian, we obtain that (D[x], K[x]) is an SLP. Now 
Proposition 3.9 implies that the separable degree of K over D is finite and K has 
finite exponent over D. 
This completes the proof of Proposition 5.14. 0 
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